It is shown that for arbitrary connection in the vector bundle compatible with some Hermitian metric, the corresponding Fedosov trace functional commutes with involution generated by this metric. This result is then used to prove that certain noncommutative gravity actions are real in all powers of deformation parameter.
Introduction
In [10, 11] the Fedosov formalism of deformation quantization of endomorphism bundle has been considered as a tool for building geometric noncommutative field theories. Roughly speaking, the main result of [10] states that the theory of Seiberg-Witten map is (more or less) equivalent to a deformation quantization of endomorphism bundle, while in [11] this observation is used to build some geometric models of noncommutative vacuum general relativity. Results obtained in [11] exhibit nice characteristic: first order imaginary corrections to field equations vanish. (This is very common property of noncommutative gravity theories based on Seiberg-Witten map -compare e.g. [3, 4, 16, 17, 7, 8, 9, 5, 6, 14] ). However, it was not clear whether higher order imaginary terms also disappear. In the following short note we investigate Fedosov * -product of endomorphisms originating in connection compatible with some Hermitian metric h. We show that in such case the corresponding Fedosov trace functional commutes with h-induced involution. This result is then used to analyze reality of actions constructed in [11] and it is concluded that they are purely real in all powers of deformation parameter.
Hermitian metric and Fedosov quantization 2.1 Involution and the * -product
This subsection contains collection of some well know facts (elaborated by Waldmann in [18] ; compare also [2] ) recalled here for the purpose of fixing some necessary background.
We are not going to repeat the Fedosov construction in full detail. Instead, we just quickly follow original presentation of [12, 13] relating it to the Hermitian metric. Notations and conventions are compatible with [10, 11] and, in turn, with [12, 13] .
Consider a finite dimensional complex vector bundle E over a real smooth manifold M. Let E be equipped with a Hermitian metric h. It induces an involution (·) + in the endomorphism bundle End(E) defined by the relation
for an arbitrary section A ∈ C ∞ (End(E)) and all v, w ∈ C ∞ (E). Clearly, one can define action of (·) + on complex differential forms with values in End(E) by antilinear extension of the rule
for A ∈ C ∞ (End(E)) and η ∈ C ∞ (Λ(M)). 
It can be easily shown that for the fiberwise Moyal product • the formula 
Connections ∂ S and ∂ End(E) give rise to the connection ∂ in W ⊗ Λ. From (3) and reality of ∂ S one infers that 
Now, the Abelian connection is determined by a 1-form r defined as the solution of
for r 0 = δ −1 R, where
to both sides of (10) and using relations (4), (6), (8), (9) one gets
from the uniqueness of the solution of (10). Hence, the Abelian connection
In turn, the same stays true for the "quantization lifting" Q defied as the solution of
with respect to b, and for its inverse
where W D is subalgebra of algebra of sections of W, defined by the requirement of flatness Da = 0). As a final conclusion we observe that (·) + is an involution with respect to the Fedosov product of endomorphisms given by
). Indeed, equation (14) together with (6) yield
while the remaining requirements are fulfilled in the straightforward way.
2 The indices are manipulated by means of symplectic form, i.e.
Involution and the trace functional
Now, we are going to prove the following theorem Theorem 1. For arbitrary h-compatible connection ∂ E , the property
holds for the corresponding Fedosov trace functional.
Such relation is quite natural, hence one can expect that it is well-known for many (or at least for someone). However, the author was unable to point out any reference clearly stating (16) . Thus, let us analyze the proof in some detail.
First, let us concern the behavior of involution under some * -product isomorphism. Let ∂ E (t) and ∂ S (t) be (possibly local) homotopies of h-compatible and symplectic connections
are flat. They generate family of products * t described by the homotopy of Abelian connections
where r(t) is obtained due to formula (10) . For t = 0 the initial product is recovered (i.e. * 0 = * ), and for t = 1 one is dealing with a trivial algebra described by the Moyal formula, for which the partial derivatives are replaced by flat covariant ones. We are going to use symbol * T instead of * 1 in such case. Obviously, the relations (3), (4), (8), (12), (14) and (15) hold for each t.
The isomorphism between W D0 and W Dt can be constructed in the following way ( [13] section 5.3). Define
where Γ E (t) comes from ∂ E (t) = d + Γ E (t) and Γ i jk (t) denotes connection coefficients of ∂ S (t) . Observe that the derivativeγ is well defined 1-form, independent of the particular choice of the frame in E and local coordinates on M. Introduce Hamiltonian H(t) as a solution of D t H =γ. It can be chosen as H(t) = −Q t δ −1γ (t) yielding
A quick calculation ensures that from h-compatibility of ∂ E (t) it follows thatΓ
, and hence, by (14) , the Hamiltonian is self-adjoint
Then, the family of isomorphisms T t : W D0 → W Dt is given by the unique solution of the
3 Thus, we demand ∂ E (t) and ∂ S (t) to be, respectively, h-compatible and symplectic for each t.
i.e. T t (a(0)) = a(t). At the level of sections of C ∞ (End(E))[[h]] it corresponds to the family of isomorphisms transporting
holds. For t = 1 we are going to omit the subscript and to write
Applying the involution to both sides of (20) and using (7), (19) we arrive at T t (a + ) = T t (a)
+ by the uniqueness of the solution of (20). Consequently
We are almost ready to prove the relation (16) . Recall that for the compactly supported sections of End(E) the Fedosov trace functional is uniquely defined (up to a normalizing constant) by the property
and the requirement of invariance under * -product isomorphisms, i.e.
. The fully explicit formula for tr * is not known in the general case, but for trivial algebras the trace is given by the integral
where Tr stands for the trace of matrix. For tr * T the relation
holds trivially.
In the original presentation of [13] the existence and uniqueness of tr Also, let {ρ i } be a compatible real partition of unity. With these data and in virtue of (15), (24), (22), (26), we get
and complete the proof of theorem 1.
Reality of noncommutative relativity actions
In [11] several models of geometric noncommutative gravity were proposed. The construc- is a function defined by proportionality between metric and symplectic volume forms i.e.
where the dynamical variable is metric g ab in T M. The * EH1 is the star product in
Here we use the same star product structure as in S EH1A , but we force correct volume form at the undeformed level by endomorphism V =1 = v1.
• S EH2A = tr * EH 2 (Ȓ)
This time * EH2 is the star product in •
Here one deals with the variant of S EH2A with endomorphism V =1 = v1 used.
• S P = tr * P (Ȓ * P Θ) and the metric connection ∇ in T M (not necessarily torsionless). The star product * P is a multi- Thus S EH1A , S EH1B , S EH2A and S EH2B correspond to deformations of Einstein-Hilbert action, while S P is related to Palatini one.
Using results of previous section one can easily observe that all above action functionals are real. First, notice that in each case the star product structure is taken with respect to a connection compatible with some metric. Specifically one is dealing with
• metric g ab and its Levi-Civita connection ∇ in T M for the case of S EH1A and S EH1B ,
and compatible connection ∂ T M⊗T M for S EH2A and S EH2B , Finally, using (15) and (16) one infers that all investigated actions are real up to arbitrary power of deformation parameter S EH1A = S EH1A , S EH1B = S EH1B , S EH2A = S EH2A , S EH2B = S EH2B ,
We conclude that all theories considered in [11] are based on purely real actions and thus produce real field equations and real corrections to metrics.
